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@ Introduction and the first example: MAKESPAN problem;

@ The key idea in approximation algorithm design: 1)
constructing a feasible solution, and 2) “comparing with lower
bound of OPT" rather than “comparing with OPT";

@ How to find a lower bound of OPT? Combinatorial technique,
LP-based techniques (LP-relaxation, duality, etc.);

e SETCOVER: a good example to demonstrate four techniques:
Greedy, LP+Rounding, Dual-LP+Rounding,
Primal_and_dual;

@ Other techniques: scaling for KNAPSACK, pruning for
K-CENTER, TSP, DISJOINTPATHS;

The process of design of approximation algorithm is not very
different from that of design of exact algorithms. It still involves
unraveling the problem structure and finding algorithm techniques
to exploit it.
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How to deal with hard problems?

Dae
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How to deal with hard problems?

@ Most natural optimization problem, including those arising in
important application areas, are NP-Hard.

o It is widely believed that there is no efficient algorithm to a
NP-Hard problem.

@ Recall that efficient algorithm refers to a polynomial-time
deterministic algorithm to find optimal solution even in
worst case.

@ How to deal with hard problems? Trade-off “quality” and
“time".
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Trade-off “quality” and “time”

We have a couple of options:

@ Give up polynomial-time in worst-case restriction: though
our algorithm takes exponential time in the worst case, we
hope that the algorithm run fast on the practical instances,
e.g. branch-and-bound, branch-and-cut, and
branch-and-pricing algorithms are used to solve a TSP
instance with over 24978 Swedish Cities (see
http://www.tsp.gatech.edu/history/pictorial /sw24978.html)

@ Give up optimum restriction: from optimal solution to
nearly optimal solution in the hope that nearly optimal is
easy to find, e.g. approximation algorithm (with theoretical
guarantee), heuristics, local search (without theoretical guarantee;

© Give up deterministic restriction: we hope that the
expectation of running time of a randomized algorithm might
be polynomial;
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Approximation strategy

Dae
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Approximation strategy

Although this may seem a paradox, all exact science is dominated
by the idea of approximation.
—— B. Russel

@ Why do we study approximation algorithms?

© As an algorithm with theoretical guarantee;

@ As a core algorithmic idea to solve practical problems after fine
tuning;

© As a mathematically rigorous way to analyze heuristics;

© As a way to explore deeper into the combinatorial problem
structure, to uncover problem structure;
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Some definitions of approximation algorithm

Definition (a-approximation algorithm)

An algorithm is an a-approximation algorithm for a minimization
problem if:

© Time: the algorithm runs in polynomial time;

@ Quality: the algorithm outputs a solution .S whose value is

within a factor of «v of the value of optimal solution (denoted
as OPT), i.e. Value(S) < aOPT.
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Some definitions of approximation algorithm

Definition (PTAS)

A PTAS (polynomial time approximation schema) for a
minimization problem is a family of algorithms {4, : € > 0} such
that for each €, A, is a (1 + €)-approximation algorithm running in
polynomial time in input size.
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The first example: MAKESPAN problem

Dae
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MAKESPAN (LOADBALANCE) problem

@ Practical problem:

o We have multiple servers to process a set of jobs. Intuitively,
we try to make the loads as balanced as possible.
e How to schedule jobs to machines to finish all jobs as early as

possible?

=

makespan=8
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Problem statement

makespan=8

=

INPUT:

m servers My, My, ..., M,,, n jobs (each job j has a processing time
t);

OUTPUT:

An assignment of jobs to machines to minimize the makespan , i.e.
the maximum load on any machine, T'= max; ZjeA(i) t;, where
A(%) denotes the jobs assigned to machine i.
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Hardness of MAKESPAN problem

MAKESPAN is a NP-Complete problem.

Proof.
@ We will prove that PARTITION <p MAKESPAN.

e Transformation:
Given an instance of PARTITION problem, we construct an
instance of MAKESPAN problem as follows:
@ For each number s; € S, new a job ¢ with t; = s;;
@ The objective is to find a schedule of these jobs on 2 machines
with makespan T'= 1" ;.

o Equivalence: It is obvious that a partition corresponds to a
schedule.

Ol
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Greedy technique for MAKESPAN problem

e Key observation: solution is a partition of jobs, or
X = (21,22, ..., x), Wwhere z; = 1,2, ..., m.

@ Basic idea: Let's describe the solving process as a series of
decisions. At each decision step, we assign a job to a
machine. Consider a specific job. We have m options.

@ Greedy rule: To make loads as balanced as possible, it is
reasonable to assign a job to the machine with the smallest
load.
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Greedy algorithm

GREEDYMAKESPAN] algorithm
1: for i=1 to m do

22 T;=0; // T; denotes the load of machine 3
3:  A; =NULL; //initializing all machines with 0 jobs;
4: end for

: for j=1 to n do
Let £ = argmin T7;
Ay, = A U{j}; //assigning job j to machine Mj
Ty = Ty + t;

end for

Y e N a
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An example

6 Jobs
3 Machines

> Bl »glll

M1 M2 M3 M1 M2 M3 M1 M2 M3

\ 4
makespan=8
« @
[ &

M1 M2 M3 M1 M2 M3 M1 M2 M3
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@ Let T be the makespan reported by GREEDYMAKESPAN1
algorithm, and OPT be the optimal makespan.
@ The objective is to measure the quality of T via comparing T
with OPT.
2*¥OPT

T=8
OPT

il

M1 M2 M3

@ In the example, GREEDYMAKESPAN1 reports T = 8, which
is not too bad since T will not be greater than 20PT.
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Using a lower bound of OPT rather than OPT itself

@ But how can we compare T against OPT while OPT'is yet
unknown?

@ Note that though it is difficult to know OPT, it is usually easy
to obtain a lower bound of OPT.

@ Thus we can use the lower bound as a bridge to build
connection between T and OPT. More specifically, we
compare T with the lower bound of OPT rather than compare
T with OPT directly.
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Finding a lower bound of OPT

@ Take MAKESPAN problem as an example.
@ Though OPT is unknown, we can easily set lower bound of
OPT as follows:

@ Key observation 1. OPT > - Yiti= el
@ Key observation 2: OPT > t; for any j; thus, OPT > 6.

T=8

OPT
Av=19/3

(2]

2o [V]
== o]

=[]
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MAKESPANALGO1 is not too bad

@ Using the lower bounds as bridge, we can prove the following
theorem:

T <20PT, i.,e GREEDYMAKESPANALGO1 is a 2-approximation
algorithm.

2*OPT

T=8
OPT

)]

I

M1l M2 M3

IS
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Proof.
@ Let M; be the machine with the heaviest load T*

@ Divide T into two parts: the last job &, and the previous
jobs. Thus T = t;, + A, where A denotes the total load of the

previous jobs.
@ We have T < 20PT since
@ t. < OPT (by observation 2)
Q A < OPT. Why?

o Consider the state whenhe tjob k was assigned to M;. At that
time, M; had a total load of A, which is the smallest load of
all machines (by the greedy rule of the algorithm).

o Formally, A< (307 tj—t) < 5. 27", t; < OPT (by key
observation 1).

.
Tk<=0PT6
A<=0PT|> E| |i|

M1 M2 M3

2
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Question: is this an accurate analysis?

D¢
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A tight example of GREEDYMAKESPANALGO1

algorithm

o Consider a special instance: a total of n = m(m — 1) + 1 jobs
with loads t; =t = ... = t,_1 =1, and t, = m.

GreedyMakeSpanl OPT=m
returns T=2m-1

HHQ =nl

M1 M2 M3 M1 M2 M3

o GREEDYMAKESPANL: T'=2m — 1 (if the largest job n is
processed at the last step).

e OPT: OPT = m.

@ Thus, approximation factor is: o = O—E,T =2— % « can be
arbitrarily close to 2 when m increases.
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Another greedy algorithm for MAKESPAN
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@ Basic idea: The tight example for
GREEDYMAKESPANALGOL1 algorithm implies that it is not
wise to process the largest job finally. In other words, it might

be a good idea to process large jobs first.

2 T=7 OPT=7
4
16 nEm B

M1 M2 M3
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Another greedy algorithm

GREEDYMAKESPAN2 algorithm

1: for i=1 to m do

2 T; = 0; //assigning all machines with 0 jobs;

3. A; = NULL;

4: end for

5: sort jobs in decreasing order of ¢;; //process large jobs first
6: for j=1to m do

7. Let k= argmin T; //assign job jto Mj;

8 A= AU}

9: T, = T, + L,

10: end for
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e Key observation 3: OPT > 2t; for any j > m+ 1 if all jobs

were sorted decreasingly.
(Why? Consider the first m + 1 jobs only. At least two jobs

should be assigned to a machine. Thus, OPT > 2t;,11. )

OPT>=2t, T
M LB 12| Tk<=1/20pPT
2| ta
3
M2 M3
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T < 1.50PT, i.e, GREEDYMAKESPANALGO?2 is a
1.5-approximation algorithm.

@ Let M; be the machine with the heaviest load T reported by
GREEDYMAKESPANALGO2 algorithm;

@ Divide T into two parts: the last job &, and the previous jobs.
Thus T = t;, + A, where A denotes the total load of the
previous jobs.

e T'<1.50PT since:

@ ¢ < $OPT (by observation 3)
@ A < OPT (the same argument to the last theorem)

Ol
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The key steps in approximation algorithm design
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@ We are facing a dilemma:

© In order to establish the approximation guarantee, we should
compare the quality of a solution against the quality of the
optimal solution OPT.

@ However, it is NP-Hard to compute the optimal solution value
OPT and to find an optimal solution.

@ Question: How can we establish the connection with OPT
without the exact value of OPT7?

@ The answer to this question provides a key step in the design
of approximation algorithms.
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The key step in approximation algorithm cont'd

o Strategy: Finding a lower bound of OPT and comparing a
solution with the lower bound rather than comparing with
OPT directly!

o Key step 1: Although it is NP-Hard to find optimal solution,
it might be polynomial-time computable to find a “tight
lower bound” of OPT.

o Key step 2: We should figure out a process to yield a feasible
solution, and compare this solution with the lower bound of
OPT.
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Finding a lower bound

@ Then how to find a lower bound of OPT?

@ Combinatorial ways: problem specific and thus cohesive; then
we design greedy or DP algorithm;
@ LP-based method as a united way: LP-relaxation, duality, etc.
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Another example: SET COVER problem

Dae
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SET COVER problem

@ Practical problems:

e An anti-virus package identifies a viruses based on
characteristic “keywords” set, and a keyword corresponds to
several viruses. The question is how to select a small
“representative” keywords set to detect all viruses.

e To form a committee, containing as few people as possible, to
cover all requisite skills;
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SET COVER problem: formulation

Formalized Definition:

INPUT: a set of n elements U= {1,2,...,n}, and m subsets of U,
denoted as 57, 59, ..., Sy,. Each subset S; has a weight w;.
OUTPUT: to find a collection of subsets, with the minimal weight
sum, such that all elements of U are covered.

Note: SETCOVER problem plays an important role in
approximation algorithm design as MATCHING problem in the
design of exact algorithm.

35/107



An example

S3 S4
w3=7 w4=3

1
s1 ® ®>
wl=6 ‘ 3 ‘4

S5
. @5 o6 7w5=4

S2
w2=2 ‘ 7 /

—

L ]
(o]

@ Question: how to choose several subsets, with the minimal
weight sum, such that all elements are covered?
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Greedy algorithm

o Key observation: solution is a collection of subsets. Imagine
the solving process as a series of decisions. At each decision
step, we decide to choose a subset or abandon it.

o Greedy selection rule: we should consider two aspects of a
subset:

@ the smaller the weight, the better;

@ the more items it covers, the better.
Thus, it is reasonable to select a subset based on “the ratio
of weight over the number of items it covers”.
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Greedy algorithm

GREEDY-SET-COVER algorithm

1. [=NULL; //I denotes the index of selected subsets;

2: R= U, // R denotes the remaining elements;

3. while R # NULL do

j = arg min; |SiniR\;

Let p; = |5;UTJR‘;

for all remaining element ec RN S; do
Set price(e) = pj;

end for

I'=T0{j};

10 R=R-5;

11: end while

e e N kB
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An example: Step 1

s3 S4
w3=7 w4=3

1 @
s1 @® 2
wl=6 . 3 .4
S5
®:s @6 7W5=4
S2
w2=2 @7 | @38
\——
Step 1:
e R=U=1{1,2,3,4,5,6,7,8};
_ _w  __ 6. _ _wy 2. _ o ws __ 7.
® D1 = 15nR T 40 P27 15nR T 20 P37 (SnR T 4
_ 3 ws 4.

__uy 3., _ — 4
P4 = 15,0R] = 5 P5 = [SnR] —
@ Choose Sy since py is the smallest one.
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An example: Step 2

S3 S4
w3=7 w4=3

<1 [ Wl o2 @ Price=3/5

S5
‘ 5 //6 w5=4

52 L
w2=2 /Q 1 @s

1A
\
Step 2:
° R={1,37);
o _ 6. w2 w7
il \smm T2 2T OEAR T T BT OS0R TP
_ 4.
s = \S5ﬂR| - T'

@ Choose S5 since ps is the smallest one. 40 /107



An example: Step 3

S3 sS4
w3=7 w4=3

s1 ol O)) @ Price=3/5
— @ Price=2/1

S5
Qs //6 w5=4

P) /
w2=2 @7 Os

Step 3:
o R=1{1,3};
w3 7

— _w_ _ 6. __wy 7,
® PL=15nR T~ 2 P3T 15nR T 2
@ Choose 5] since p; is the smallest one.

41/107



An example: Step 4

S3 S4
w3=7 w4=3

<1 o1 oF) [6)
— @ Price=2/1

S5
O 5 @ w5=4
7]

2 Ve 1 es

Step 4:
e R={}. Donel!

@ Solution: We select I = {51, S2, S4} with the sum of weight:
11.

e Optimal solution: selecting {53, S4} with the sum of weight:
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Performance analysis

@ We will prove the following theorem:

GREEDY-SET-COVER algorithm is an H(f)-approximation
algorithm, where f = max; |S|.

@ Meaning: The algorithm returns a subset I = {5, S2, S4}
with the total weight of 11. We guarantee that
W =11 < H(5)OPT = H(5)10.
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Let S* be the optimal solution, and S be the solution returned by
GREEDY-SET-COVER algorithm. We have:

S

S;€S

IN

IN

IA

me'ce(e) (by Line 7-9)

Z Z price(e)  (by S* covers U)

S]'E S* ee Sj

> H(|Sj)w;  (by the lemma)
SjGS*

Z H(fyw; (dis the largest)
S;e8*
H()OPT

(1)
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Finding a lower bound

For each subset S;, 3 5. price(e) < H(|Si|)w;.

o Take S5; as an example. We have:

W4 W4

. wr w1y
Yees price(e) = ( 5T 3) + (? + 7) (6)
w1 w1 w1 w1
< (& My B 7
< @M@y @
wy  wy wy  uy
< (@& Iy, &y m 8
< @y e @
= le(4)
@ Here, the first < is due to the selecting criteria in Step 2, i.e.
py = %+ is smaller than p; = %, and the selecting criteria in
Step 3, i.e. p1 = - is smaller than p3 = .
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Question: is this an accurate analysis?

Dae
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A tight example

o Consider a special instance: n+ 1 subsets with weights
%, ﬁ, e %, 1 and 1 + ¢, respectively.

wl=1/n w2=1/(n-1) wn=1

NA— N

o Optimal solution: selecting only one subset with weight 1 + ¢;

o GREEDY-SET-COVER result: selecting n subsets with the
sum of weight 2 + L+ ..+ 1+ 1= H(n).
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LP as a unified approach framework to lower bound OPT
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Lower bound 1: zp < zi,p = OPT

Dae
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LP as a unified framework: Step 1

@ Step 1: Formulate the problem as an integer linear program
(ILP);

o We define a 0/1 variable z; for each subset S;, where z; =1
means the selection of S}, and 0 means abandon.

o ILP model:
min z= Y7, w
s.t. Zj:eesj r >1 VeelU
z; —0/1 Vi

@ Thus we have OPT = zj;,p, where zj1,p denotes the optimal
objective value of the ILP model.
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LP as a unified approach framework: Step 2

o Step 2: Relaxing ILP into LP;

@ LP relaxation:

min z= 3", w;

s.t. Zj:eesj z; >1 VeeU
T Z 0 Vi
7 <1 Vi

o Key observation 1: zpp < zjzp = OPT, where z;p denotes
the optimal objective value of the LP model.
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LP as a unified approach framework: Step 3

o Step 3: Since the LP model might generate a fractional
solution, a clever way should be figured out to transform the
optimal solution to LP (in polynomial-time) to a feasible
solution to ILP, whose objective value is close to the optimal
LP objective value.

@ The final difficulty: how to obtain a feasible solution to ILP
based on the optimal solution to LP? Rounding!
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Algorithm1: LP+Rounding

LP+Rounding algorithm

1: Solve the linear program LP to get an optimal solution z*;
2: I = NULL;

3: for all subset S; do
4 if z;‘ > %l then
5: I=1+{j};
6: end if
7: end for
8: return I[;

@ Here d denotes the largest coverage of any element in U, i.e.
d=max.cyl|{j: e€ S;}.
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An example

s3 sS4
w3=7 wa4=3

51 o1 [_J]
wl=6 ®3 @4
S5
‘ ®s ®6 7w5=4
s2
w2=2 ‘ %7 [ X ‘

min 6x; 4+ 22 4+ Txz 4+ 3x4 + 4das

s.t. 1 + 3 >1 (item 1,3)
1 + T4 >1 (item 2,4)
3+ m >1 (item 5)
T2 + 5 >1 (item 6)
T2+ T3 + s >1 (item 7)
T2 + T4 >1 (item 8)

z; >0

X S 1

@ LP optimal solution: z; = 0.5; 22 = 1; 23 = 0.5; 24 = 0.5; 25 = 0;
@ Objective value of LP: 10. (zp < zrp = OPT.)

@ Rounding solution: o} =1; 2, =1; 25 =1; 2, = 1; 2, = 0;

@ Objective value: 18 < d X zy,p.
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Correctness of Algorithm1

Algorithm1 yields a set cover.

(by contradiction)

@ Suppose there is an element e not covered, i.e. e ¢ UjcrS;.

@ Then for each S that contains e as a member, we have
7 < %l; (Otherwise, S; should be selected by Algorithm1.)

® Thus, 3 cq 7 < L{j:ie S} <1

@ A contradiction against the linear program constraints.
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Analysis of Algorithml

(Hochbaum '82) Algorithm1 is a d-approximation algorithm for
SETCOVER.

@ Algorithml returns a collection I with cost: C'= >

je1 Wi

< Zjelwﬂj d
m o
< ijl w;z; d
m
= dx Zj:l wjz;
= d x ZLpP
< dx OPT

@ Here, the first inequality follows due to the “rounding criteria”, i.e.
x> %.
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Lower bound 2: zpy. < zrp < zizp = OPT

Dae
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Algorithm2: Dual LP + Rounding

@ Basic idea: rounding the dual solution.

@ Dual:
maxd= Y .cyYe
Sl Toeste < w o VS
Ye > 0 Vee U
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Dual provides another lower bound

Key observation 2: )" y. < z,p < OPT for any feasible dual
solution y;

Z Dual Z_LP Z ILP=OPT

3y 3 ¥
| >
< — > >
dual fractional primal int solutions
solutions

can be used as
a lower bound
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Algorithm2: Dual LP + Rounding

Dual LP 4 Rounding Algorithm
. Solve the dual LP to get an optimal solution 3*;
: I = NULL;
. for all subset S; do

if Ze:eesj Yy = w; then

I=1I+{j};

end if
end for
return I;

O N T kW
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An example

S3 S4
w3=7 w4=3

1
s1 L ®:
wl=6 ®:3 @4

s5
[ ®s e 7w5=4

&re]

S2
w2=2

max y1 + Y2 + ys + wva + y5 + Y6 + yr + ys

st.oy1 + Y2+ ys + W <6
Y2 yr + ys <2

Y1 +  y3 + Y5 + yr <7

Y2 + v + oy + yg <3

ye + Y7 <4

yi >0

@ Dual LP optimal solution: y; = 6; y2 =0; y3=0; y4 =0; y5 = 0; yg = 3;
yr =1 yg =0;

@ Objective value of Dual: 10 (2pyarp < zrLp < zrLp = OPT.)

@ Tight constraints: I={1,3,4,5};

@ Objective value: 20 < d* zpyaiLp-
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Correctness of Algorithm?2

Algorithm?2 yields a set cover.

(by contradiction again)

@ Suppose there is an element e that is not covered by the
selected subsets in I,

@ Then for ALL S; containing e, we have ). e€S; ye < wy;
(Otherwise, a S; should be selected and thus e will be
covered.)

@ Thus, increasing 5 (by a small positive amount) will increase
the objective function value of dual LP without violating the
constraints. A contradiction with the optimality of *.

Ol
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Analysis of Algorithm?2

Algorithm2 is a d-approximation algorithm.

Let C denote the sum weight of the subsets that Algorithm2
returns, i.e. C'= Zjele' We have;

c = Z wj
jel
_ k
B ZjEI Ze:eESj Ye

d *  (since any e was included at most d times
Ze:eGUye ( y )

= dzpyal LP
< dOPT (since zpua Lp < 2P < ZILP)

O
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Lower bound 3:

value of any dual feasible solution < zpyq < zLp < ziLp = OPT

J

DA
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Algorithm3: Primal_dual + Rounding

@ Basic idea: a feasible dual solution is enough for lower
bounding OPT. Thus, we can employ primal_dual strategy to
construct a feasible dual solution rather than solving Dual LP
to get an optimal dual solution.

Z Dual Z_LP Z ILP=OPT

y ¥ ¥
! >
< —> —
dual fractional primal int solutions
solutions
A . 4

can be used as
a lower bound
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Algorithm3: Primal_dual + Rounding

Primal_Dual + Rounding Algorithm3
1: 1= NULL;
2. ye=0forall ec U

3: while exists an element & not covered do

4. for all subset S; containing & do

5: 9j = Wj = X s, Yer // calculate the gap of constraint j;
6: end for

7: i = arg min; gj;

8: Ye = Ye + gi;

9: I=1T1u{i};

10: end while
11: return I;
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An example: Step 1

sS3 S4
w3=7 w4=3
1 @
51 @ 2
S5
@5 @6 7w5=4

S2
w2=2 @® 7 ®s

—

o Initially, we have y; =0 for all 1 < <8.
o Consider element ys. There are two constraints S; and Sy.
e We increase y to 3 (selecting Sy).
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An example: Step 2

s3 S4
w3=7 w4=3

1
s1 g ®>

wl=6 . 3 . 4

S5
w5=4
@5 [ )
S2

w2=2 /y/ @3

@ Consider element y;. There are two constraints S7 and Ss.

@ We increase y; to 3 (selecting S1).
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An example: Step 3

S3 S4
w3=7 w4=3

1 ®
51 ® 2

wl=6 ®: @4

S5
@5 P w5=4
S2

w2=2 /y/ @3

o Consider element y7. There are three constraints S2, S3 and
Ss.
@ We increase y; to 2 (selecting S2).
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An example: Step 4

S1
wl=6

S2
w2=2

S3 S4

w3=7 w4=3
@1 @®>
@3 @4

®5

(o7

2

/.8

S5
w5=4

All elements have been covered. Donel

Dual solution:

N =3p =3y =2y3=y =1y =y = ys = 0;.
Dual objective value: 8. (Dual feasible solution,

2 < 2pual < zLp < zip = OPT)
Tight constraints: I = {Sy, 51, S2}
Objective value: 11 < dx 2 < d X zpya <. d XOPT
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Correctness

Lemma

Algorithm3 yields a dual feasible solution y, and . . s; Ye = W for any
jelL

@ Base case: y = 0 is dual feasible since Ze:eesj Ye = 0 < wy;

@ Induction: assuming that ¥ is dual feasible before an iteration of
while loop, i.e. Ze:eesj Ye < wj. Suppose we increase y; by g; to
generate a new solution ¢/. We will show that ¢/ is also a dual
feasible solution.

Ze:eesj Yo = Ze:eesj Ye + g;  (g; is minimal)
B ZE:GESJ' Vet (wz B ZE:EESi ye)
Ze:eesj Vet (wj - Ze:eesj ye)

W
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Performance analysis

(Bar-Yehuda, Even '81) Algorithm3 is a d-approximation algorithm.

Let C denote the sum weight of subsets generated by Algorithm2,
ie. O=3 i w. We have:

9 = Zjewj
Zjelzmesj ye ( by lines 9-10)

d e is covered at most f times
Z:e:eGUye ( )

dzpuar  (yis a dual feasible solution )

IN N IA

dOPT (since y is only a dual feasible solution)

Ol
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problem

Another example of rounding: the generalization of MAKESPAN

QR
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The generalization of MAKESPAN problem

Practical problem: We have multiple servers to process a set of
jobs. However, some machines cannot be assigned to a job. How
to schedule jobs to machines as “balanced” as possible?

Jobs Machines
t1=6 M1
t2=9 M2

t3=15 M3
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Formulation

INPUT:

m servers My, My, ..., M,,, n jobs J={1,..,n} (each job j has a
processing time ¢;). Each job j has a subset of machines

S; C {Mj, ..., My,} that it can use.

OUTPUT:

An assignment of jobs to machines to minimize the makespan , i.e.
the maximum load on any machine, T'= max; ZjeA(i) tj, where
A(7) denotes the jobs assigned to machine 3
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ILP formulation

(ILP)
min L
st YT o= i forall je J
dmi <L for all 4
zy = 0/t; forallje JieS;
Tj = 0 forallje J,i§é Sj

(Intuition: zj; indicates how much of the load of ¢; is assigned to
machine M;; )
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Relax from ILP to LP

(LP)
min L
s.t Zﬁl Ty = i foralljeJ
2?21 z; < L for all ¢
i < t; forallje J i€ Sj
z; > 0 forallje J i€ S;
zy; = 0 forallje Ji¢S;

e Key observation 1: z;p < z;pp = OPT

o Key observation 2: max;t; < OPT
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An example

(LP)

Jobs

tl1=6

t2=9

t3=15

min z =
s.t.

21
T31

12
13

T12
+ T2
+239

21
+ 229
+T23

Machin

es

M1

M2

+213
+Z23
+33
+31
+232
4—133

M3

VAN INIA

ohb«h&@@
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How to construct a valid schedule from LP solution?

Jobs Machines
t1=6 M1
t2=9 M2

t3=15 M3

@ Suppose we have already obtained a solution to the LP. The
final question is: how to construct a valid schedule from the
LP solution?
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How to construct a valid schedule from LP solution?

Jobs Machines
t1=6 M1
t2=9 M2

t3=15 M3

@ Recall that for any job j, we have t; = zj + 2 + ... + Tjn,.
There are two possible cases:

@ 3¢, zj; = t; (called "integral job"): Intuitively, job j was
scheduled to machine M; as a whole, e.g. job 1.

@ Vi, z;; < t; (called “fractional job"): Intuitively, job j was
decomposed into parts, which were distributed to different
machines, e.g., two parts of job 2 was distributed to M; and
M.

@ The difficulty is how to deal with fractional jobs.
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Two possibilities of the fractional jobs

Jobs Machines Jobs Machines
t1=6 M1 t1=6 @ M1

t3=15 M3 t3=15 M3

@ Let's focus on the fractional jobs via:

e Removing the "integer jobs";

e Removing the unused assignments, i.e. z; = 0;
@ There are two possibilities:

© The assignment contains no cycle;
@ The assignment contains one or more cycles;
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Case 1: the assignment contains no cycle

@ In this case, a valid schedule can be constructed via the
following rounding strategy:
© Rounding: If a part of a fractional job j was scheduled to
machine M;, we can simply schedule the whole job j to M;.
@ Restriction: Each machine receives at most one fractional job.
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Implementing rounding

Jobs Machines

t1=6 M1 t2=9 t2=9

t2=9 v2 mp EM2 vi mp EM2 M1

t3=15
t3=15 M3
M3 M3

@ The rounding operation is feasible since:
© "No cycle” means a tree rooted at a job.
@ Notice that any leaf should be a “machine” rather than a

“job” (Reason: a “leaf job” is connected with its parent only;
thus it should be an “integer job”)

© So we can simply assign a fractional job completely to an
arbitrary child, say assign J5 to Mj, and assign J3 to M.

e Time complexity: O(mn).
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Case 1: the assignment contains no cycle cont'd

@ Combining the "integer jobs”, we will have the following

schedule:
o Jyn ={2}; Jme = {1}; Juz = {3}.
Jobs Machines Jobs Machines
t1=6 M1 t1=6 M1

t2=9 M2 i t2=9 M2

t3=15 M3 t3=15 M3

@ MakeSpan= 15 <2 x z;p = 20

@ We can show that the rounding strategy won't introduce too
many load to any machine.
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MakeSpanApprox is a 2-approximation algorithm.

@ Let T denotes the makespan that MakeSpanApprozx yields, and T is
obtained from machine M;.

@ Let J; denote the jobs assigned to M;. J; consists of two parts: integral
jobs assigned to machine 7 (z;; = t;), and at most one fractional job
(denoted as f;) that is assigned to multiple machines (z; < ¢;). We have:

T = Dl (©)
= ti + t, 10
Zj€Ji»j¢fi it b ( )

= Zje‘]iy#fi zi; + t,  (by the definition of integral jobs)  (11)
SIS (12)

< zp + (13)

< zrp+ OPT ( by key observation 2) (14)

< 20PT (by key observation 1) (15)
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Case 2: the assignment contains cycles

@ In fact, any cycle can be eliminated without load changes for
any machine using the following “augmentation” operation:
@ Consider a cycle C. We first find the smallest load (denoted as
5);
@ |Increasing/decreasing loads by ¢ on edges in the cycle;
© Thus the cycle will be eliminated without no influence on the
loads. For example, edge J; — Mj is cut to break the cycle.

e Time complexity: O(|C]) for cycle C. The operation will be
repeated at most O(mn) times to remove all cycles.

Jobs Machines
tl=6 M1 tl=6
& R
t2=9 M2 »
t2=9
t3=15 13=15
t3=15 M3
M1 M1
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MAKESPANAPPROX Algorithm

: Solving the LP model to get solution z;;
: Removing cycles in the schedule graph via augmentation;
: for i=1tom do
assigning integral job j to 7 if z;; = t;;
assigning at most one fractional job to i
end for
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Other useful technique: scaling and parametric pruning

DA
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Other combinatorial techniques

@ Scaling: rounding a real number to an integer; grid;

@ Parametric pruning: Suppose we have already known OPT,
we might be able to prune away irrelevant parts of the input
and thereby simplify the search for a good solution.
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PTAS

Scaling technique: from pseudo polynomial time algorithm to

J
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KNAPSACK problem

Given a set of items, each item has a weight and a value, to
determine a set of items such that the total weight is less than a
given limit and the total value is as large as possible.

Formalized Definition:

o Input:
a set of items. Item 7 has weight w; and value v;, and a total

weight limit W;

@ Output:
the set of items which maximize the total value with total
weight below W
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A Knapsack instance

What's the best solution?

?

e ™
T
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A Knapsack instance

Greedy solution:

® Vax 15 kg
!ﬁl 1ilskg || () = Lﬁ
h’ﬂ 0seshkg || (2 _; ®
EEEB 0.5 $/kg €) EEEB =) ﬁ%?;
S e |0 SR Q

Note: there are two types of dynamic programming algorithms to

solve KNAPSACK problem.
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Dynamic programing algorithm 1

@ Imagine the solving process as a series of decisions.

@ Suppose we have already obtained the optimal solution S.
Let’s consider the first decision step, we have two options:
select item n, or abandon it.

@ Thus the general form of sub-problems can be set as: to
calculate the maximum value of any solution using a subset of
the items {1,2, ..., i} and a bag of size w, denoted as
OPT(i, w).

@ Our objective: OPT(n, W).

@ Optimal sub-structure:

OPT(n, W) = maz{ OPT(n—1, W), OPT(n—1, W—wy)+v,};

free Space W=6 Select Item 3

-
- BB -

wWi=2  we=2
Vi=2  v2=2

_ _1Two options for Free Space W=6

B B @ Ithe final decision

Wi=2  wz=2 w3=3 .
V=2 v2=2 V3=3 ' L:l 94 /107
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Knapsack DP1
: for w=1to Wdo
M0, w] = 0;
end for
: for i=1to ndo
for w=1to Wdo
Mi, w) = maz{M[i— 1, w], w; + M[i — 1, w— wy};
end for
end for
return M([n, W);

Time complexity: O(nW). Pseudo polynomial time.

N a R b

©
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A dual problem

INPUT: a set of nitems. An item 7 has weight w; and value v;.
The value requirement V

OUTPUT: to select a subset of items to minimise the total
weight with value at least V;

Note: if this problem was solved, the Knapsack problem can be
solved by by finding the largest value V such that
OPT(n, V) < W.
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Dynamic programming algorithm 2

@ Imagine the solving process as a series of decisions.

@ Suppose we have already obtained the optimal solution S.
Let's consider the first decision step, there are two
possibilities: select item n or abandon it;

@ The general form of sub-problems: to calculate the smallest
bag size, i.e. the bag can hold a subset of items {1,2,..., i}
with value at least V (denoted as OPT(i, V));

@ Our objective: the largest V such that OPT(n, V) < W.
(Notice that V' < nv*, where v* = maz;{v;});

@ Optimal sub-structure:
OPT(n—1,V) abandon item n

OPT(n, V) = min { w, select item n only
wp 4+ OPT(n—1,V —wv,) otherwise
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Dynamic programming algorithm 2 cont'd

Knapsack DP2

1: for i=0to n do
2:  M[i,0] = 0;

3: end for

4: for i=1to ndo

5. for V=1to Y i | v do

6: if V>3 v then

7 M[i,l/]:wi—l-M[i—l,V— Ui];

8: else

o: Mi, V] = min{M[i — 1, V], w;, w; + M[n — 1, v — v};
10: end if

11:  end for

12: end for

Time complexity: O(n?v*). Still pseudo-polynomial time.
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Converting pseudo-polynomial time algorithm to PTAS

@ Basic idea: the algorithm is good when v* is small. But how
to deal with the case when v* is large? Scaling!

@ More specifically, a large v; can be scaled to a smaller
v; = []. We denote v; = 0;b;

Rounding

b = 1000 Equivalent
—_— /\
V1l 3278 V1 4000 i 4
V2 1956 » V2 2000 “ W 2
V3 4123 V3 5000 V3 5
V4 2233 V4 3000 va4 3
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A PTAS for KNAPSACK

Knapsack-Approx(€)
1: Let v* = max; v;;

. Let b= %U*;

. Calculate o; = [ %] for each item 4;

: Run KnapsackDP2 on the items with value 9; and return the
optimal solution S;

B W N

Knapsack-Approx algorithm runs in polynomial time.
In fact, the running time is O(n?v*) = O(nzv—;) = 0(%).

€

w
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Experimental results

Experimental results on an instance:

b v € w # OP  Time (ms)

1 | 2223975 0.001 1768 889590000 18352.128

3 741325 0.010 1768 98843333 5990.893

5 444800 0.028 1768 35584000 3649.624

10 222400 0.112 1768 8896000 1836.567
30 74125 1.011 1768 988333 620.822
50 44475 2.810 1768 355800 381.982
100 22250 11.236 1768 89000 183.707
300 7425 101.010 1768 9900 60.422
500 4450 280.899 1768 3560 38.340
1000 2225 1123.6 1768 890 17.943
3000 750 10000 1809 100 6.872
5000 450 27777.8 1809 36 4.059
10000 225 111111 1809 9 3.134
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Performance analysis

Let S be the solution yielded by Knapsack-Approx algorithm, and
S* be any feasible solution such that ) q. w; < W. We will show

1
that ZieS Vi Z T ZiES* V;.

Proof.

ZZGS* v; < ZieS* v (by v; < %)
Ziesw (S is optimal solution)

(16)
(17)
D vt b)) (by T < vt ) (18)
(19)
(20)

IN A

IN

nb+ Zies U5
(1+¢) ZieS v (since nb < GZZ_GS ;)

IA
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Why b was set to b = ~v*7?

Note: b is set to b = ~v" according to two sides of considerations:
© Time-complexity: O(nQ%) is polynomial in n and 1.

@ Approximation ratio: nb <€) . ¢ ;.
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Parametric pruning

Hae
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Parametric pruning

The algorithm consists of three steps:

© Pruning: Suppose we have a guess of OPT, denoted as
parameter t. For each given ¢, the input instance will be
pruned by removing the parts that will not be used in any
solution with cost > t. Denote the pruned instance as I(t).

@ Lower bound: the family of I(t) is used for computing a lower
bound of OPT, say t;

© Good solution: a solution is found in instance I(«t*) for a
suitable choice of a.
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Parameter pruning for K-CENTER problem

(See extra slides)
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Appendix: PARTITION is NP-Complete

@ PARTITION problem is to decide whether a given multiset of
integers can be partitioned into two "halves” that have the
same sum.

@ More precisely, given a multiset S of integers, is there a way
to partition S into two subsets S7 and S5 such that the sum of
the numbers in S equals the sum of the numbers in Sy7

@ PARTITION problem can be easily proved to be NP-complete
via a reduction from SUBSETSUM problem.
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